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ABSTRACT 



In this paper the Schwinger model or two dimensional quantum electrodynamics is 
exactly solved on a Riemann surface providing the explicit expression of the partition 
function and of the generating functional of the amplitudes between the fermionic currents. 
This offers one of the few examples, if not the only one, in which it is possible to integrate 
in an explicit way a gauge field theory interacting with matter on a Riemann surface. 
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1. INTRODUCTION 



In this paper we solve the Schwinger model [|T| on a closed and orientable Riemann 
surface in the absence of topologically nontrivial gauge fields. To this purpose, we compute 
the partition function of the model and the generating functional of the amplitudes con- 
taining fermionic currents. The method used was developed in the recent papers |^] and 
and it is able to quantize any abelian gauge field theory on a Riemann surface. Here, we 
restrict ourselves to the Schwinger model, which describes the quantum electrodynamics 
in two dimensions or QED2 because, due to its particular relevance in theoretical physics 
05 B, [H, 0, H], [0, it provides a significant example of quantum field theory on a 
manifold. The fact that quantization on a manifold is not a trivial procedure and gives 
rise to observable phenomena, was discussed in the case of the Schwinger model in ref. 
0]. For instance, the high energy behavior of QED2 strongly depends on the topology of 
the space-time. On a Riemann surface, in fact, the strength of the electromagnetic forces 
vanishes at short distances, apart from zero modes which are not so easy to determine, 
while on a disk this asymptotic freedom is not present at all [Q. 

Moreover, it was shown in ref. 0] that in the path integral of the Schwinger model 
defined on a compact manifold without boundary, it is possible to perform the integration 
over the gauge fields, obtaining as a result an effective theory of fermions. This theory 
consists in a nonlocal generalization, in the sense of [|TD[, of the massless Thirring model 



11], which will be called here generalized Thirring model or GTM. The nonlocality of the 



GTM together with the property of asymptotic freedom, make it very interesting by itself. 
However, the approach of refs. [0 and 0], intended for the quantization of any abelian 
gauge field theory, was essentially perturbative and therefore not suitable in order to treat 
the GTM, which is integrable. For this reason, we concentrate here on the Schwinger 
model, performing in the path integral also the integration over the fermionic fields which 
was missing in refs. and 0. The result is, as we anticipated at the beginning, a 
nonperturbative expression of the partition function and of the generating functional of 
QED2. In this way, we obtain one of the few examples, if not the only one, in which the 
explicit integration of a gauge field theory interacting with matter fields is possible on 
a Riemann surface. Until now, in fact, the only theories which have been quantized on 
Riemann surfaces are either pure gauge field theories or topological field theories, while 
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the interaction with the matter fields was restricted to external gauge field without kinetic 



term [12|, [13|, |14], [15], [16], [17|, [18|, [19[. The integrability of the Schwinger model. 



together with its equivalence with the GTM, make it very interesting not only for string 
theory, but also in the study of the effects of a curved space-time on the dynamics of the 
fields. Finally, the quantization of field theory on manifolds can shed some more light in 
the quantization of general relativity, see for example ref. ]|2^] on this point. 

Apart from the calculation of the propagator of the gauge fields, which has been 
carefully discussed in ref. 0, this paper is selfcontained. In the first part of the next 
section we briefiy review the quantization of the abelian gauge field theories in the Feynman 
gauge discussed in refs. [0 and [0| . We consider small quantum perturbations ^4'^" around 
a topologically nontrivial solution of the classical equations of motion A^. In order to 
evaluate the generating functional of the amplitudes between the fermionic currents of the 
Schwinger model, we integrate the path integral over the gauge degrees of freedom. In this 
way we obtain the nonlocal GTM mentioned above as an effective field for the electrons 
on a Riemann surface. It is important to stress at this point that the inverse procedure, 
in which one integrates first over the fermionic fields, seems to be not very convenient on 
curved space-times as it is in the fiat case. First of all, in fact, there are complications 
with the zero modes and the topologically nontrivial solutions of the equations of motion 
A^. Secondly, also if we succeed in the integration, as a result we should obtain, in analogy 
with the fiat case, a massive theory of vector fields [^, [^. Massive field theories are 
not easy to handle on a Riemann surface because, for example, the propagators of massive 
field theories are still unknown. 

In the second part of section 2, we perform the remaining integration over the fermionic 
degrees of freedom. The advantage of our method is that now we can use previous ex- 



perience on the Thirring model [0, [|2^, [^ and apply it to the GTM. Nevertheless, a 
crucial point in order to solve the GTM is the calculation of the chiral determinant of 
free fermions in the presence of an external gauge fields B. Unfortunately, this calculation 
becomes involved when B is topologically nontrivial, so we assume here that B belongs 
to a trivial line bundle on the Riemann surface. Only in this case, in fact, we can com- 
pute the determinant using the explicit formula of ref. []T^. For this reason, we have to 
set A^ = in the generating functional of the Schwinger model. The final computation 
of the generating functional of the correlation functions between the fermionic current is 
achieved using slight generalizations of the formulas obtained in ref. [^. The details of 
the calculation are given in appendix A (generating functional) and appendix B (partition 
function) . 
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2. INTEGRABILITY OF THE SCHWINGER MODEL ON A RIEMANN 
SURFACE 



We consider here the Schwinger model [jT| defined by the foUowing action: 



S = d Xy/g 



[2.1) 



'M 

In eq. (|2.1| ) e is the couphng constant and M is a closed and orientable Riemann surface of 
genus g provided with an Euclidean conformally flat metric g^^, /i, = 0, 1. g^^, is induced 
by the distance: 

_e-'^("0'"i)(dxg + dx?) (2.2) 

Together with the metric we need also the zweibein e^, a, (3 = 0,1 being the frame indices. 
The zweibein is deflned so that: 

g^^x) = e^^e^^rf^ (2.3) 

where rf^^ = diag(l, 1) is the flat metric in the local frame. From this deflnition it descends 
that g = detg^i, = (dete^)'^. Moreover, ^^{x) = e^(x)7", the 7" denoting the usual 
7— matrices expressed in terms of the Pauli matrices cxi and cr2 as follows: 

7° = -0"2 7^ = CTl 

Finally, we have deflned F^^, = d^A^ — d^A^ and ■0 = 'i/'"'"7°. 

Due to the fact that on a Riemann surface the fermionic flelds admit spin structures, 
we suppose that if) and ij} transform according to the following rules when transported 
along the nontrivial homology cycles A^, i = 1, . . . , (7, of the Riemann surface M: 

Along the homology cycles Bi, we have instead: 

Ai and Bi are chosen here in such a way that they for a canonical basis for the nontrivial 
homology cycles [^. We notice also that the covariant derivative for the fermions 
appearing in eq. (|2.1|) is given by: 
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where = ■|eQ,;^V^e^[7°, 7^] and is the covariant derivative acting on the zweibein 
Bp. However, in two dimensions the spin field u;^ does not contribute to the action ( |2.1|) , 
so that we wiU set = 5^ in the rest of this work. 

Here we are interested in computing the partition function of the Schwinger model 
and the amplitudes of the currents: 

nx) = [ijrij]{x) (2.4) 

In eq. ( |2.1| ), the external source of these currents is S^. 

In order to fix the abelian gauge symmetry of eq. ( |2.1| ) and quantize the theory, we 
impose the covariant gauge: 

d^A^ = (2.5) 
As a consequence, we have to solve the path integral: 

Z[B^] = j DA^D%l)D^e-^^+^^f^ (2.6) 

where the gauge fixing term Sgf is given by: 

S9f = ^ [ d'x^id.An' (2.7) 

We ignore the Faddeev-Popov term, since the ghost are decoupled from all the other fields 
in the abelian case we are treating. Moreover, we will choose the Feynman gauge, putting 
A = 1 in eq. 

We start to evaluate eq. (|2.6|) integrating over the gauge fields. Therefore, we need 
to compute the following path integral: 

Z[r] = I DA^Jm ^^-W-i^M.^-+e.-A, + i(9,A-)^] ^2.8) 

To this purpose, it is better to use complex coordinates z = x + ixo and z = xq — ixi. In 
the new system of coordinates, the metric is given by: 

9zz = g-zz = e-^^^'^^ g^^ = g-- = g^^g,^ = 1 (2.9) 

It is also convenient to decompose the gauge fields in the following way: 

A, = Al + AT + A^^''' A, = A\ + AT + A^,^' (2.10) 



where A\ and A\ are instantonic solutions of the equations of motion in the Feynman 
gauge corresponding to ci = /c gZ. Here ci denotes the first Chern class: 



The explicit form of the fields has been given in ref. and we do not report it. 

Let us now return to the equations (|2.10| ). The fields A'^^ and A^^ denote a small 
quantum perturbation around the instantonic solutions discussed above. They contain 
the transverse and longitudinal gauge degrees of freedom, which can be represented as a 
coexact and exact form respectively using the Hodge decomposition [H , fl^ . Finally, A^^^ 
and A^^"^ describe the harmonic components of the gauge fields. They can be written in 
the following way: 

A^'^'dz = 27rz(0 + ne) • (O - ■ uj{z)dz (2.11) 



A^^^dz can be computed from eq. ( ^.11| ) by complex conjugation. and 6i are real 



numbers and Qij, i,j = l,...,g,is the period matrix which can be computed in terms of 
the harmonic differentials Ui{z)dz: 

Vlij = (b ujj{z)dz 

JBi 

As a consequence, it is easy to see that the path integral ( p.8|) becomes in complex coor- 
dinates: 

Z[j^] = / DA'^^'DAT n fi^z#ze-(^"+^') (2.12) 



1=1 



with 



5^"= / d^z[g^'{d,ATd,AT + d,Ard,AT) + ej,Ar + ej,Ar] (2.13) 
Jm 

S' = e[ d'z[jM\ + Af^)+j,{Al+A'^n] (2.14) 



Here we have used the following notation: d z = ^ . Again, since at the end we will 
put A^ = 0, we have not shown that the instantonic gauge fields decouple from the action 
of the quantum fields 5"^". A proof is given in ref. 0. Finally, in complex coordinates the 
current assumes the form: 

jz = i^ei^e jz = i^ei^e 
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where 9 and 9 are spinor indices. In order to compute the path integral ( 2.12 ), we stiU need 
the propagator G^^{z,w) = {A'^{z, z)A'^'^{w,w)) of the quantum fields. The components 
of the propagator were already derived in refs. and 0, so that we will report here only 
the result: 



G,^{z,w) = ~ dHgttd,Kiz,t)d^K{w,t) (2.15) 
Jm 

G,^{z,w) = - [ dHgttd,K{z,t)d^K{w,t) (2.16) 
Jm 

where K{z,w) is the usual scalar Green function defined by the relations: 

d,d,K{z, t) = 4?(z, t) - ^ A = [ (fzg,, (2.17) 



M 



d,dtK{z,t) = -Sg\z,t) + J2 ^]~j'u;,it) (2.18) 

dHgttK{z,t) = (2.19) 

'M 

One of the characteristics of the propagator given in eqs. (|2.15|) and (|2.16| ) that will be 



important in the following is that it is orthogonal with respect to the zero modes. This 
can be seen for example from the fact that inserting G^wiz, w) in the equations of motion 
coming from the action ( p.l3|) , we get: 

9 

d,g''d,G,U^,w) = s'S{z,w) - ^^(^) [Ii^ (2-20) 

An analogous equation can be derived for the component Gzw{z, w) of the propagator. It 
is important to notice that in the right hand side of eq. ( |2.2U| ) the second term is the 
projector on the space of the zero modes. Moreover, if we consider an external current 
Jt{t, i) and decompose it as follows: 



Mt, t) = d-tx{t, t) + m,[Im 0]-.iu;,(t) (2.21) 

with 

di = i j d'^tuJi{t)Jt{t,t) 

we have: 

d,g''d, j dHG,t{z, t)Mt, t) = d,x{z, z) (2.22) 
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A similar formula is valid for the component Gzw{z,w): 



d,g''d, / dHG,t{z,t)Jtit,t) = dM^,z) 



(2.23) 



showing the orthogonality of the propagator with respect to the harmonic components of 
the gauge fields. 



Now we notice that in eq. (|2.12| ) the integral over the fields A^^ is gaussian. Therefore, 
it is possible to eliminate the terms containing the interaction between the current and 
the fields A'^^ performing a shift of the fields. To this purpose, we define new fields: 



w] 



Inserting the new fields A"^^ in the action S"^" given in eq. ( |2.13| ) we yield: 



M 



[ d^zg^'d^ATd.AT - ^j. 

J M ^ 



{z,z) / d'^wG^i^{z,w)j^{w,w) + 



M 



[2.24) 



We notice that we have obtained eq. ( |2.24| ) integrating by part in eq. ( p.l3| ). This 
is allowed because the fields ^4'^" and A'^^ are orthogonal with respect to the harmonic 
part. The A"^^ are orthogonal by definition, while the fields A'^^ and A'^^ do not contain 
any harmonic component due to the properties of orthogonality ( |2.22|) and ( p.23|) of the 
propagator. As a consequence, the operators and in ( |2.13| ) act on a space of (0, 1) 
and (1,0) forms respectively which is orthogonal to the harmonic sector and we are free 
to integrate by parts in eq. (|2.13|) . Using the action (|2.24|) in eq. (|2.12|) and integrating 
over the fields A'^^ we get, apart from a constant factor: 



Z[r] = l[de,d<p,e-'^'e'^^^^ 



(2.25) 



1=1 



where 



W[j] 



d^zd^w [jsiz, z)G:,^{z, w)jyj{w, w) + i^z, z)Gsyj{z, w)j^{w, w)] (2.26) 



M 



Now we substitute the above result in the path integral of the Schwinger model (|2.6| ) after 
performing the necessary change of coordinates (z, z) {xq,xi). The upshot is: 



Z[B^] = J DijDijl[de,d<P,e' 
where Sef / is the action of the GTM: 



(2.27) 



i=l 



S,ff= [ d^x^)[ti^j^{x){d^-ie{B^ + Al^' + Al))ij+ 

J M 



M 



d^y,/^)f{x)G^^{x, y)f{y) 



(2.28) 



G^u{x, y) is the propagator of the gauge fields written in real coordinates. In terms of the 
complex components (p.l5| ) and ( |2.16| ) we have: 



G'ii(xo,xi;?/o,i/i) = -G22{xo,xi]yo,yi) = Re[Gzw{z,w)] 



Gi2{xo, xi; 2/0, yi) = G2i{xq, xi] yo, yi) = -Im[Gzw{z, w) 



In the action ( p.28|) , G^^j{x,y) plays the role of a relativistic potential through which the 
fermionic currents interact. Thus Seff describes the effective theory of fermions after 
removing the unphysical (in two dimensions) gauge degrees of freedom. The model associ- 
ated to the action (|2.28|) has been already discussed in ref. ^ and we only notice that this 
effective theory of the electrons can be viewed as a nonlocal generalization i of the massless 
Thirring model |Tl]. As we will show, also this generalization is an integrable model. To 
verify this, it is convenient to exploit the following formula, which is an extension to our 
nonlocal case of the analogous formulas given in refs. |j2^, |j2^: 



exp 



d^xd^y^f^^/^G^u (x, y) - 



exp -e / d'^x^/^j^Bf_, 
Jm 



5B^{x)5BM. 

exp J d^x,/^) -efB^-^ j (fyV^)G^^{x,y)f{y)f{x) 



^2.29) 



^ Local generalizations of this kind have been studied for example in ref. as a way for regu- 
larizing the singularities of the gauge field theories. Here the regularization comes from the fact 
that the space time is nonflat. 
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The proof of this equation is straightforward (see appendix A). As a consequence of ( |2.29|) , 
the path integral of the Schwinger model can be rewritten in this way: 



Z[B^] = exp 



M 



V Jm 



(2.30) 



The advantage of having used the formula ( p.29|) is that now the action in the fermionic 
path integral becomes gaussian and it amounts to a chiral determinant: 



deiQ 



Di/jDi/jexp 



Jm 



(2.31) 



where^ = 7^(x) (9^ — ie(B^ + A^^^ + A^)). Unfortunately, at least to our knowledge, the 
above determinant has not yet been computed in the presence of gauge fields Aj^ belonging 
to a nontrivial topological sector. For this reason, we will set in the following = in 
eq. ( |2.31| ). Moreover, we need also some more informations about the external gauge field 
B^. Here it is convenient to choose B^ purely transverse: 



where is a, real scalar field. The motivation of this choice is that in any case the lon- 
gitudinal components of B^ are physically irrelevant in the path integral (|2.31| ) while the 
harmonic part is already present through the fields Al^^ . Looking at eq. ( |2.31| ), we can 
also conclude that the piece containing the harmonic components A}^^ factorizes from the 
rest of the determinant. As a matter of fact, due to the orthogonality properties of the 



Hodge decomposition ||T^, we have: 



/ d''x^)fA)t^ = [ d^x^)j^^^Al 
Jm Jm 



where is the harmonic component of the current of eq. (|2.21|) . This factorization 



is evident also from the following formula, derived in |jT^ , which gives the explicit form of 
the determinant ( p.31|) : 



detK^ = exp 



2n 



m 



d'^Xy/^B^B^ 



/det(ImO)A\ 
V det'Ao ; 



v + 



(0,0) 



(2.32) 



(without the constant zero mode) of the laplacian Aq. Moreover, 9 



(0, O) is a theta 



where A = Jj^ (Pxy/g{x) represents the area of M and det' Aq is the regularized determinant 

'u + e' 

function []2^ of periods Ui + 9i along the cycles Ai and periods Vi + (pi along the cycles Bi. 
Inserting the determinant ( |2.32| ) in eq. ( |2.30|) we get: 



Z[B^] = Cexp 



1 



exp 



M 



5B^ix)SB,{y) 



X 



2lT 



M 



d^Xy/^)B^{x)B^'{x) 



(2.33) 



with 



^ _ ^et{lmD)A 



V + (/) 



(0,0) 



det'Ao 

In order to compute Z[B^], we use a slight generalization of the formulas contained in |p3|| 
showing, see appendix A, that the generating functional satisfies the following equationi: 

/ d'x^) (5\5^'\z,x) - ^G\{z,x)) j^,Z[B,] = -^-A^{z)Z[B,] (2.34) 

To extract the explicit form of the generating functional Z[B^ from the above equation, 
we need a kernel M'^f^{y, z) with the property: 



M 



d^z^)MP,iy,z)(s\S^^\z,x) - ^G'^iz^x) ) = 5P^6^^\y,x) (2.35) 



Eq. ( pj.35| ) can be solved by iteration supposing that 



271- 



<< 1: 



M',{y, z) = 5\{y, z)6^'\y, z) + i^G\{y, z)+ 

XI (^) / d^xi^/^) . . .d^Xn-iV9{xr.-i)Gf' {y,xi)G^},^{xi,X2) . . . G'"^"' (x„_i, z) 

(2.36) 

Moreover, exploiting the fact that G^^{x,y) = G,^^{y,x), we can easily see that the fol- 
lowing equation holds (see appendix A): 



MP\y,z) = M''Piz,y) 



(2.37) 



^ The symbol z used in the formula below and in the following is not a complex variable, but 
represents the two real variables zo,zi G M. 



10 



Applying to both sides of eq. ( |2.34| ) the operator y/g{z)M''j^{y, z) and integrating over z, 
we arrive at the foUowing expression for Z[B^\. 



e 

TT 



M 



<fz^)M\{y,z)B\z)Z[B, 



(2.38) 



It is now easy to verify using the property (|2.37|) of the kernel M^^(|/, z) that the solution 
of the above equation is given by: 



Z[B^] = Zoexp 



e 

2^ 



M 



d'zd'y^)^)Bp{y)MP\y, z)Bk{z) 



(2.39) 



This formula is the explicit expression of the generating functional Deriving eq. 

( p.39|) in S^, we are able to compute the amplitudes between the currents ( p^) . Still we 
have to derive the partition function Zq . The explicit calculation is performed in appendix 
B and here we just state the result: 



Zq = exp 



e 

TT 



Tr \og(M\{y,z)) 



(2.40) 



where 



1 /e\2 
n V4 



-Tr \og[M\{y,z)) = ^ J^d''x^)G\{x, x) + 
/ d'^xd^Zy/^y/^G'' {z, x)G\{x, ^) + 7 V 77 — — r 



e 

2^ 



d X^/^d Z^f^d Xx^g{x^) ...d Xn-l^/g(x^GP^^{x,Xl) . . . G^" {x^-l, z)G p{z,x) 

(2.41) 



3. CONCLUSIONS 



In this paper we have shown that the Schwinger model on a Riemann surface is 
integrable in absence of topologically nontrivial gauge fields. The generating functional and 
the partition function are given in eqs. ( |2.39| ) and ( |2.40| ) respectively. Many questions and 
possible developments remain open. For example, it remains the problem of integrability 
in the case of nontrivial line bundles. In fact, due to the presence of zero modes, it is 
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difficult to compute the chiral determinant ( p.31 ) explicitly when A^^ 7^ 0. In this respect 



one of the advantages of our procedure is that, integrating over the gauge fields in the 
path integral of the Schwinger model, we obtain the GTM, from which one can read many 
of the properties of QED2, like the high energy behavior discussed above and investigated 
in ref. ||^, which exist also in the presence of topologically nontrivial gauge fields. It 
is possible to extract these properties from the relativistic potential G^^{x,y) governing 
the electromagnetic interactions and whose components are explicitly given in eqs. ( |2.15|) , 

(ill)- 

It would also be interesting to see if the GMT defined in eqs. ( |2.27| ) and ( |2.28| ) can 



be solved using the inverse scattering method [^. The nonlocality of the model should 
have nontrivial consequences on the form of the classical r— matrix. 

Finally, we stress the fact that two dimensional models quantized on Riemann sur- 
faces represent an important tool in order to study the effects of an external gravitational 
background on the dynamics. For example, a Riemann surface with punctures which is 



imbedded in three dimensions has a topology which is similar to that of a wormhole |]2^ . 
Moreover, the Riemann surfaces, having a very rich structure, are also very suitable to 
investigate the possibility of creating quantum mechanical states in curved space-times. 
As it is well known, in fact, in the canonical quantization of field theories new quantum 
mechanical states can be generated due to the presence of diffeomorphisms which are not 
deformable to the identity. In four dimensions these states have been called geons |]29(] . In 
two dimensions, the Riemann surfaces with crystallographic group of symmetry provide 
an excellent way of reproducing this effect. Moreover, the advantage of working in two 
dimensions is that one can also explicitly construct the quantum mechanical states induced 



by the topology. This has been done in refs. and for some simple conformal field 



theories and considering the crystallographic groups Zn and Dn. We hope that the explicit 
form of the partition function and of the generating functional computed here will allow 
the extensions of these results to the more physical Schwinger model. 
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Appendix A. 



First of all, we prove the formula ( p.29| ) 



exp 



a I (fxd'^y^/^^/^Gf,„{x,y)—-^——Y^ 



exp 



(3 I d'u^)f{u)B„{u) 

M 



y- 

n=0 

Using now the fact that: 



bB^{x)bB,{y)\ 



exp 



i3 / (fuy^)rBo 
. Jm 



(A.l) 



d'^xd'^yy^y/^G^^{x,y)—-————- 
M SBf,{x)5B„{y) 



exp 



(3 / d^u^^)fB„ 



(3' / d^xd^y./^)^/^)G^^{x,y)f{x)f{y) 



M 



and applying it to eq. ( |A.1D , we obtain: 



exp 



a / d'^xd'^y./^)y/^G^^{x,y) 



SB^ix)5BM 



exp 



13 I d'u^)f{u)B^{u) 

M 



exp 



af3^ I d^xd^y^^^^G^^{x,y)f{x)f{y) 

M 



exp 



(3 I d^u^^)fBo 

M 



Setting a = — \ and (3 = — e, one recovers exactly eq. ( |2.29| ). 

Now, we derive eq. (p.34| ) using a slight generalization of the functional formulas of 
2^ . Setting C = 1 in eq. ( p.33|) , we consider the functional 



SZ[B^ 
5Bk{z) 



e 

— exp 



I r p 

-- / d^xd^y^f^y/^G^^{x,y) r ^.jj ( \ 
^ Jm SBf,{x)SB^{y) 



B''{z)exp 



e2 r 

— / d^x^)g''^B^B, 



(A.2) 



To simplify this equation, we have first to introduce the operators 



S{(3) = exp 



-(3 / d'^xd'^yy/^y/^Gf,^{x,y)——-——— 
Jm SBf,{x)SB„{y)_ 
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and S = S{—P), where j3 is an arbitrary parameter. Now we compute: 



d 



^ [Si(3)B'iz)S-\(3)] 



S-\(5) (A.3) 



where [, ] denotes the usual commutator. The derivation of the commutator contained in 
eq. ( |A.3| ) is simple and yields: 



M 



5B^{x)5BM 



£x,/^G'' Jz,x) 



M 



SB^ix) 



Therefore, using the fact that S{P)S = 1, eq. (|A.3| ) becomes: 

[Si(3)B\z)S-\P)] =-2 [ <fx^)G\{z, ' ^ 
Integrating this equation in (3 between and i, we get: 



5B^{x) 



[S{-),B\z)] = -\ f <fx^)G\{z,x) 



Applying this equation to eq. (|A.2|) , we have: 



5Z[B^] 
SBkiz) 



e 

TV 



B\z)-l I <fx^^)G''^{z,x) 



bB^{x)\ 

which is clearly equivalent to eq. ( |2.34|) after setting: 



SBk{z) 



(fx^f^)5^8^^\z,xy 

M OIJ^[X) 



Finally, we verify eq. ( p.37|) . To this purpose, we exploit the explicit form of M^i^{y,z) 
given in eq. ( p.36|) . At the zeroth and first order in the proof of eq. ( p. 37 ) is trivial. 
At the n— th order, n > 2, we use the property G^j^{x,y) = Gj^'^{y,x) in order to rewrite 
the n— th element of M^^^^y, z) as follows: 

/ (fxi . ..(fxr,-i^/^)...^/^U^)GP^^{y,xi)G^\^{xi,X2) . ..G^'^-^^ix^-i^z) = 

JM 

/ (fxi . . .(fxn-ly/g{xi) . . . g{xr,-^)G {xi,y)G^\^{xi, X2) ■ ■ ■ 
JM 

G^-\_^{x^-2,x^-^)G^^--{z,Xr.-^) (A.4) 
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Now, we lower and rise the summed indices /Ji . . . Hn-i in eq- (|A.4| ) as follows: 

Finally, we change the name of the variables setting Xn-i = Xi and Xi = Xn-i- Combining 
these two actions together, we have: 

MP^{y,z)\,.-ti. = / d^xi . ..(fxr,-i^/Wr)...y/g{x^-i)G^^^{z,Xi)G^\^{xi,X2) . . . 

order J j^j 

G^-\_^{xr.-2.x^-i)G^-'P{x^-i,z) ^ M'^P{z,y)\ 
This concludes our proof of eq. (|2.37|) . 



n — th 
order 



Appendix B. 



In this appendix we derive the partition fuunction Zq given in eq. ( p.40|) . To this 
purpose (see [^), we consider the following functional: 

52 



Zq{(3) = exp 



,2 



exp 



/ (fxJ^Br.B^' 



After a simple calculation we find: 
d 



dp 



d^xd'^yy/^y/^Gf,„{x,y)———-—^-— 



Now we exploit eq. 



in order to evaluate the functional Substituting the 

result in the above equation and recalling the fact that at the end we have to put B^^ = 
everywhere, we obtain: 



d f 

— logZo(/3) = / d^xd^yy^,/^)G^^{x,y)M0^ 

dp TT Jm 



(B.l) 



In the above equation M^^{y, x) is defined as in eq. ( p.36|) after the substitution 271- 
Integrating both sides of eq. ( |B . 1| ) in (3 between and 1 we have: 

Zo(/3 = 1) = Zo(/3 = 0)exp 



— / d xd yy/^y/^G^^{x,y) / d(3Mg'^{y,x) 
^ Jm Jo . 

Since the primitive in f] of M^^{x,y) is zero when /3 = 0, it is clear that Zq{(3 = 0) = 1. 
Remembering that Zo(/3 = 1) = Zq we obtain eq. ( p.41j ). 



15 



References 



[1] J. Schwinger, Phys. Rev. 128 (1962), 2425. 
[2] F. Ferrari, Class. Q. Grav., 10 (1993), 1065. 

[3] F. Ferrari, On the Quantization of Abelian Gauge Field Theories on Riemann Surfaces, 

Preprint MPI-Ph/93-50, LMU-TPW 93-14. 
[4] S. Coleman, Phys. Rev. Dll (1975), 3026; S. Donaldson, J. Diff. Geom. 18 (1983), 269; 

R. Jackiw, R. Rajaraman, Phys. Rev. Lett. 54 (1985), 1219; L. Faddev, S. Shatashvili, 

Phys. Lett. 183B (1987), 311; T. P. Killingback, Phys. Lett. 223B (1989) 357; A. 

I. Bocharek, M. E. Schaposhnik, Mod. Phys. Lett. A2 (1987), 991; J. Kripfganz, A. 

Ringwald, Mod. Phys. Lett. A5 (1990), 675. 
[5] J. H. Lowenstein, J. A. Swieca, Ann. Phys. 68 (1961), 172; A. Z. Capri, R. Ferrari, 

Nuovo Cim. 62A (1981), 273; Journ. Math. Phys. 25 (1983), 141; G. Morchio, D. 

Pierotti, F. Strocchi, Ann. Phys. 188 (1988), 217; A. K. Raina, G. Wanders, Ann. of 

Phys. 132 (1981), 404. 
[6] N. Manton, Ann. Phys. 159 (1985), 220; J. E. Hetrick, Y. Hosotani, Phys. Rev. 38 

(1988), 2621. 

[7] C. Jayewardena, Helv. Phys. Acta 61 (1988), 636. 

[8] H. Joos, Nucl. phys. B17 (Proc. Suppl.) (1990), 704; Helv. Phys. Acta 63 (1990), 670 

[9] I. Sachs, A. Wipf, Helv. Phys. Acta 65 (1992), 653. 
[10] J. W. Moffat, Phys. Rev. D41 (1990), 1177. 
[11] W. Thirring, Ann. Phys. (N. Y.) 3 (1958), 91. 

[12] E. T. Tombouhs, Phys. Lett. 198B (1987), 165; M. Porrati, E. T. Tomboulis, Nucl. 

Phys. B315 (1989), 615. 
[13] D. Z. Freedman, K. Pilch, Phys. Lett.213B (1988), 331. 

[14] E. Witten, Comm. Math. Phys. 141 (1991), 153; Two Dimensional Gauge Theories 

Revisited, Preprint lASSNS-Hep 92/15. 
[15] D. J. Gross, W. Taylor IV, Twist and Wilson Loops in the String Theory of Two 

Dimensional QCD, Preprint CERN-TH 6827/93, PUPT-1382, LBL-33767, UCB-PTH- 

93/09, March 1993; B. Ye. Rusakov, Mod. Phys. Lett. A5 (1990), 693; A. Migdal, Zh. 

Esp. Teor. Fiz. 69 (1975), 810. 
[16] J. Frohlich, On the Construction of Quantized gauge Fields, in "Field Theoretical 

Methods in Particle Physics" (W. Riihl Ed.) Plenum, New York, 1980; I. L. Buch- 

binder, S. D. Odintsov, I. L. Shapiro, Effective Action in Quantum Gravity, lOP 

Publishing, Bristol and Philadelphia, 1992. 
[17] M. Blau, G. Thompson, Int. Jour. Mod. Phys. A7 (1992), 3781. 
[18] G. Thompson, 1992 Trieste Lectures on Topological Gauge Theory and Yang-Mills 

Theory. 



16 



[19] D. S. Fine, Comm. Math. Phys. 134 (1990), 273; S. G. Rajeev, Phys. Lett. 212B 
(1988), 203. 

[20] C. Rovelli, Nucl. Phys. B405 (1993), 797. 

[21] J. Barcelos-Neto, A. Das, Phys. Rev. D33 (1986), 2262; Zeit. Phys. C32 (1986), 527. 

[22] H. Leutwyler, Phys. Lett 153B (1985), 65. 

[23] C. M. Sommerfield, Ann. Phys. 26 (1963), 1. 

[24] A. Das, V. S. Mathur, Phys. Rev. D33 (1986), 489. 

[25] L. Alvarez-Gaume, G. Moore, C. Vafa, Comm. Math. Phys. 106 (1986), 1. 
[26] J. D. Fay, Led. Notes in Math. 352, Springer Verlag, 1973. 

[27] L. D. Faddeev, Integrable models in 1 + 1 dimensional quantum field theory. In: Les 
Houches, Session XXXIX, 1982, Recent Advances in Field Theory and Statistical 
Mechanics, J.-B. Zuber, R. Stora (editors), 553-608. Elsevier Science Publishers 1984. 

[28] F. Ferrari, Comm. Math. Phys. 156 (1993), 179. 

[29] J. L. Friedman, R. D. Sorkin, Phys. Rev. Lett. 44 (1980), 1100; C. J. Isham, Phys. 

Lett. 196B (1981), 188; J. L. Friedman, D. M. Witt, Phys. Lett. 120B (1983), 324. 
[30] F. Ferrari, Multivalued Fields in the Complex Plane and Braid Group Statistics, 

Preprint LMU-TPW 92-24, to be published in Int. Jour. Mod. Phys. A. 



17 



